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Abstract

e presenta novelimage interpolationalgorithm.Thealgorithmcanbeusedn arbitrary resolutionenhancement,
arbitrary rotationandotherapplicationsof still imagesin continuousspace High resolutionimagesare interpo-
lated fromthe pixel level data-dependerttiangulation of lower resolutionimages. Our resultsshowthat the new
algorithm canprovide betterresultsthanmostof the existinginterpolatingalgorithms.Its computingef ciency is
only slightly deceaseccompaedto bilinear interpolation.lt is simplerthanother methodsandis adaptableto a
variety of image manipulations Our methodprovidesa goodbalancebetweenvisual quality and computational
compleity. We keepour methodas simpleand ef cient asbilinear interpolationwhile producingresultsas good

asotherexistingmethods.

1. Intr oduction

Digital imageinterpolationrefersto the recovery of a con-

tinuousintensity surfacefrom discreteimagedatasamples.
It is a link betweenthe discreteworld and the continuous
one.In general,almostevery geometrictransformatiorre-

quiresinterpolationto be performedon animage,e.g.trans-
lating, rotating,scaling,warpingor otherapplicationsSuch

operationsare basicto ary commercialdigital image pro-

cessingsoftware. Olviously, the quality of the interpolator
determineghe quality of thedesiredmage.

Thereareseveralissueswhich affecttheperceved quality
of theinterpolatedmagessharpnesef edgesfreedonfrom
artifacts,reconstructiorof high frequeng details.We also
seekcomputationakf ciency, bothin time andin memory
requirementsClassicalinearinterpolationtechniquessuch
aspixel replication bilinearor bicubicinterpolatiorhave the
problemsof blurring edgesor artifactsaroundedges.Al-
thoughthesemethodspresere the low frequeng content
of the sampleimage,they are not ableto recover the high
frequenciesvhich provide a picturewith visualsharpness.

Standardinterpolation methodsare often basedon at-
temptsto generateontinuousiatafrom asetof discretedata
samplesthroughan interpolationfunction. Thesemethods
attemptto improve the ultimate appearancef re-sampled
imagesand minimize the visual defectsarising from the
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inevitable resamplingerror. Marny good interpolationtech-
niquesareknownt 23 45,

It hasbeenrecognizedhattaking edgeinformationinto
accountwill improve theinterpolatedmages quality! 2 3 4,
Insteadof approachingnterpolationassimply tting thein-
terpolationfunction, thesemethodsapproacht in addition
with informationof thegeometryLi?! assertshatthequality
of aninterpolatedimage mainly dependon the sharpness
acrosstheedg andthesmoothnesalongthe edge.

With theseconsiderationsn mind, we develop a new
edge-directednethod for image interpolation which will
interpolate along the edge orientation but not acrossit.
Our new method is basedon a simple data-dependent
triangulatiold at pixel level. Eachfour pixel squareis di-
videdinto two trianglesby thediagonalithe diagonaleither
goesto theNE-SWor NW-SEdirection.Thedirectionof the
diagonalis choserto correspondo the edgein theimage.

Our methodis thusto t the nest triangularmeshto the
sourcepixels. This meshis completelyregular exceptthat
the diagonalsare selectedo runin the samegeneraldirec-
tions asary visible edge.To generatea nev image,possi-
bly at higherresolution,the target pixels arelocatedon the
sourcemesh.We then evaluateeachtarget pixel from the
trianglewithin whichit sits. Any pixel whichfallsin thetri-
anglewill be interpolatedusingonly the informationfrom
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the threetriangle vertices.Soin a smoothregion, which is
actually within the triangle, bilinear interpolationkeepsit
smoothand saves computation.In edgeareas the interpo-
lator won't interpolateary two pixels that fall in different
triangles,which meanssharpnesbetweertriangles(edges)
is retained.In otherwords, the new high-resolutionimage
keepsthe edgesharpandthe smoothareasmooth.

There are several edge directed interpolation
schemes?234 and a data-dependent triangulation
approach. Li etal.l attemptedo estimatelocal covariance
characteristicsat low resolutionand usedthem to direct
interpolationat high resolution(NEDI - New EdgeDirected
Interpolation) while Allebach et al2 generateda high
resolutionedge map and usedit to direct high-resolution
interpolation(EDI - EdgeDirected Interpolation).Battiato
etal 3 proposedmethodby takinginto accouninformation
aboutdiscontinuitiesor sharpluminancevariationswhile
doing the interpolation. B.S.Morse et al.* representeca
schemethat using existing interpolationtechniquesas an
initial approximationand then iteratively reconstructshe
isophotesusing constrainedsmoothing.Yu et al.> adapted
the traditional data-dependentriangulation (DDT) with
their new costfunctionsandoptimization.

The NEDI! andthe Battiato's Locally Adaptive method
can only do direct magni cation by a factor of a power
of two (they requireiterationfor a factor more thantwo).
EDI2,DDT? andIsophoté cando arbitraryinterpolationbut
they all need some iterative progress.Additionally, four
method$ 2 3 4 (DDT is anexception)areonly designedor
superresolution.

Our schemehasseveral adwvantagesin contrastto these
former methods Firstly, our approachis almostas simple
as bilinear interpolationwhile former methodsare more
compl. Secondly our approachis designedfor arbitrary
scaling, arbitrary rotating and warping or other operations
while mostformermethodsarejustde ned for magnifying.
Thirdly, our schemadnterpolatesn onego andis computa-
tionally fastwhile mostformermethodseediteration.

Our experimentsshav thatimagesproducedby our pixel
level data-dependenitiangulationhave signi cant bettervi-
sualquality thanclassicalinearinterpolationwhile keepas
simpleandef cient asbilinearinterpolation Methodswhich
beatoursdo soonly mamginally andareconsiderablyslower.
We demonstrateur algorithm usedin colour imageswith
arbitrarymagnifyingfactorandarbitraryrotation.

Therestof the paperis asorganizedfollows. In the next
sectionwe describeheprincipleof themethodjustify it and
describetheimplementationNext we presentsomeexperi-
mentalresults.Finally we make someconcludingremarks.

2. Pixel Level Data-DependentTriangulation

b c

Figure 1: Triangulationin a four-pixel squae

2.1. Principle of the Algorithm

Triangulation has been an active researchtopic during

the pastdecadelmagereconstructiorusing trianglesisn't

widely used, probably becauseof its compleity. Our

schemeis basedon the techniqueof data-dependeritian-

gulation(DDT)® but we useit atpixel level. The DDT-based
reconstructionalgorithm attemptsto minimize the visibil-

ity of thereconstructiorerrorsthusproducepleasingrecon-
structions.

We wish to keepedgessharp.We rst considerthe case
thatthereis anedgepassingoetweera squareof four pixels.
If this edgecutsoff onecorner onepixel will have a value
substantiallydifferent(could be biggeror smaller)thanthe
otherthree.Call this pixel the outlier. Imaginethatwe rep-
resenthebrightnesf thepixel astheheightof aterrain.In
effect,thethreesimilar pixelsde ne aplateaurelatively at,
while theoutliervalueis atthebottomof thecliff (if smaller)
orthetop of apeak(if higher)(Figurel). Thisgivesusahint
thatif we wantto interpolatea high resolutionpixel within
therelatively at regionwe shouldnotusetheoutlier. Clas-
sicalinterpolationmethoddik e bilinearinterpolationsuffer
from edgeblurring becausehey useall fours pixels to do
interpolation.

This simplegeometrymotivatesusto nd awayto guide
interpolation so that smoothnesswithin the regions and
sharpnessetweenthe at region andcliff region canboth
bekept. Putanothemway; if the diagonalis to correspondo
theedgein theimage the diagonalshouldbe the onewhich
doesnot connectto the outlying pixel value, the one most
differentto the otherthree We choosea diagonalto triangu-
latethe four pixelsbecausef its simplicity. Sub-piel edge
triangulationcould be usedbut we will demonstrat¢éhattri-
angulatiorby diagonalcanprovide excellentresults.

For agrey-scaleimage ,we representhebrightnesf the
pixel asheight,seeFigure 1. Supposepixelsa, b andc are
thesameheightwhile d is higherthanthesethree Olbviously

submittedto COMPUTERGRAPHICSForum(10/2002).



Suetal / Triangulation 3

a, bandc de ne a at region while d is the mostdifferent
pixel to theotherthree . Thuswe connectdiagonalac andget
thetrianglesabcandadc

In general,if b or d is the mostdifferentpixel, the edge
shouldbeac, otherwisebd will bethe edge.Thereareother
situationsif a andd arevery differentto b andc; or a and
b arevery differentto ¢ andd. In thesecasest maleslittle
differencewhich diagonalis chosen.

The strengthof emplgying triangulationis we cantune
the interpolatorto matchan edge.In Figure 1, wheninter-
polatingthe high-resolutiorpixel falling in triangleabg the
interpolatorwon't usethe value of d which is very differ-
entto this plateau.For two pixels falling in differenttrian-
gles,the heightof the pixelswill be quitedifferentandthus
the sharpnessf edgeis kept. It is easyto seethatin very
smoothregions, the interpolatoris ableto keepits smooth-
nessaswell, evenacrosgriangleboundaries.

2.2. Implementation and Optimization

Supposethe low-resolution image is X and the high-

resolutionimageto be generateds Y. We rst scanthe
sampleimageX to initialize a lookup table which records
the edgedirectionof all four-pixel squaresFor ary super

resolutionpixel we candistinguishin whichtriangleof X the
pixel falls. The high-resolutiorimageY is theninterpolated.
For eachyj; we do aninversemappingto the sampleimage
X anddecidethe four pixel squareWe usethe lookuptable
to selectthe right triangle, then bilinear interpolatewithin

thetriangleto gety;j.

We useinversemappingbecausét hasa numberof ben-
e ts. Firstit canbe usedat arbitraryresolution.We arenot
constrainedn ary way by theresolutionof the sourcedata.
Secondthereis no requiremento align the targetgrid par
allel to the sourcegrid, so arbitrary rotationis possibleat
no additionalcost. Third, samplingcanbe irregularto pro-
vide warps,althoughthe samplingrate mustnot be too low
becausehis would causebreak-up.

In theinitializing stage thereis an easyway to choose
thedirectionof the edge We simply comparethedifference
a ¢ with b d.We connectthe pair with smallerdif-
ferenceasthe diagonal.The proof that this is equivalentto
nding theoutlierpixelisin AppendixA. Thismethodsaves
computingtime, needingonly two subtractionanda com-

parison.

The algorithmis very simpleand easyto implement.Its
compleity andits computingtime are almostthe sameas
bilinear interpolationwhile its resultis betterthanbilinear
andbicubicinterpolation(Figure?2).

2.3. ExtendedMethod

Closestudy of Figure 2 revealsa problemif we only con-
siderthe four pixel squarewhen predictingthe directionof
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Figure 2: Detailimage magnifyingby 4. Top: bilinear inter-
polation. Secondbicubic interpolation. Third: NEDI. Bot-
tom: our basicmethod
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Figure 3: Magni ed view of the stamenleft: selectingedge
only by four-pixel squaes.right: selectingedggebya3 3
squae neighbourwindow

Figure4:3 3squae neighbourwindow

the edge.For example,look at the tip of lowest stamenof

the o wer. Figure 3 givesa magni ed view of this stamen.
The actuallocal edgegoesin the NW-SE direction while

somesquaregive the NE-SWdirectioncausingsomedete-
riorationof edgequality. To correctthis problemwe needto

considerinformationin thelocal area.

If weassumeheimageis locally stationarywe canmodel
the imageas a Markov RandomField. That is to say the
brightnessof a pixel is dependenbn its spatialneighbor
hoodwhile independenof therestof theimage.Theneigh-
borhoodof a pixel canbe modeledasawindow aroundthis
pixel. Insteadof a normal least-square@daptve edgepre-
diction schemewe simply considertheneighboumwindow's
edgedirection. To predictthe edgedirectionin a four pixel
squarewe look attheeightsquaregroundthetargetsquare
(Figured)andcomputeeachsquares edgedirection.If most
edgesin thesesquaregyo in one directionthenwe setthe
edgein thetargetsquareo thatdirection.If thereis nostrong
edgedirectionin thelocal areathenwe only considetthetar
getsquarevhenchoosingheedge.

3. Experimental Results
3.1. Applications

We have so far describedthe methodfor monochromem-

ages.When selectingedgedirectionin colour images,we
corvert the RGB component®f eachpixel into luminance
usingthefollowing formuleb:

Luminance 02126R 0715165 00721B

The edgedirectionis decidedby luminancevalues.In-
terpolationis donein the R,G,B planesindependentlyThis
methodgenerategoodresultsbecauseolourdoesnot con-
tributeassigni cantly asintensityto theinformationcontent
of imagesasVanEsseretal.” say Figure8 shavs threeex-
amplesof magni cation of colourimages.

Dueto the simplicity of our algorithm, it is easyto apply
in mary otherimagemanipulationsFor example ,we canro-
tatetheimageby ary angle(Figure 7a). We scanthe tamget
imageandinverserotateeachpixel backto the sampleim-
ageandinterpolatehevalue.We cangeta perspectie trans-
form of animage.Onary giveny scanline, we calculatethe
pixelat x y by samplingthesourceimageat sxty where
s t arescalefactorswhich vary linearly with height(We are
assumingthey axis is the centreof the screen).Figure 7b
shavs theresult.We canalsoproducea magnifyinglensef-
fect(Figure7c).If thelenshasradiusR, thenits discis lled
with theimagefrom a small disc with radiusr at the same
centre.For ary pixel insideR, we scaledown to r, evaluate
theoriginal valueatr andapplyit in R.

In generaltheseare variantson the sametechnique:to
evaluatethe targetpixel p, we evaluatepixel F p whereF
is a simpleinversemappingto the originalimage.Thenwe
interpolatein thetrianglewhereit falls.

3.2. Quality Assessment

From visual inspectionour methodproducedetterimages
than bilinear and bicubic interpolation, while the NEDI
methodis betterstill. Thebicubicmethodintroducesharper
edgesbut more artifacts while our methodbene ts from
fewer artifacts, sharpnessn edge areasand smoothness
within smoothregions.

However, we needa more analytical assessmertf the
visual quality of the interpolatedimages.Thereexist some
imagequality measuremertechniquesuchasdegradation-
basedquality measuresandthe visible differencesredic-
tor (VDP)19, Thesetwo vision modelsare complicatedand
it is dif cult to comparedifferent methodsusing thesevi-
sion models. We tried to nd a numeric methodto ac-
cessthe visual quality of the interpolatedimage. There-
fore we chosethe methodproposedy S.Battiag etal. and
T.M.Lehmannet al.8 to measurethe picture quality. They
usecross-corelation betweenthe original picture and the
reconstructegictureto assesshe quality of reconstruction.

The cross-correlatiorcoefcient C betweentwo images
X Yis:
a; i XiiYij 1Jab

C _
& @ 1382 &3 12

wherea and b denoterespectiely the averagevalue of
imageX andY andl andJ aretheimageswidth andheight.
Thecross-correlatiogoefcient is betweerD and1 wherea
higherscoremeansbetterreconstructiorguality.
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Figure5: Image setof threeimageswith differentedges.The
anglesare 30,45 and 60 degree

We producednesampldmagesetof three'edge'images
with size200 200 (Figure5) andusedtwenty 768 512
real natureimagesasanothertestset.We obtainedthe low-
resolutionimage of a quartersize of original image.The
down-sampledimageswere magni ed by a factor of two
and comparedto the original imagesto calculate cross-
correlation.

The down-sampledmagescould be obtainedby averag-
ing down or sub-samplingHowever, edgeblurringandring-
ing effect are introducedby averagingdown processand
sub-samplingoreaksdown the geometryand introducear-
tifacts.We chosea Gaussianlter asthe point-spreadunc-
tion with its standardleviation representingheradiusof the
point-spreadunction.Eachpixel at thetargetimage(down-
sampledmage)is consideredsa point-spreadunctionrep-
resentedby a Gaussiamlistribution. It is dowvn-sampledrom
somepartof thesourcemage representetly anothepoint-
spreadunction.|In this casetheradiusof thepoint-spreadn
the sourceimageis doublethat of the radiusin the tamget
image.Thus,we calculatethe standardeviation of the tar
getGaussiardistribution, thendoublethis to getthat of the
sourceimage.This is thenusedto down-sample py cornvo-
lution. The smallimagesin Figure 8 are producedby this
method.

We usedpixel replication,bilinear interpolation,bicubic
interpolation,new edge-directedhterpolation(NEDI)?, our
basicmethodandourextendednethodwith 3 3 neighbour
window to obtainthereconstructedmages.The bicubicin-
terpolationwas performedby a Matlab 5 built-in function.
All reconstructedimagesaremagni ed by afactorof two.

We comparedhe original imagesand the reconstructed
imagesin the test set and calculatedthe averagedcross-
correlationcoefcients.

3.2.1. Quality of Edges

In the rst testsetwe have generatedhreesampleswith a
singleedgeof differentangleq30,45 and60 degree)across
theimageandwith blackandwhite oneeachsideof theedge
(Figureb). Thetablebelov shavs the correspondingross-
correlationresults.

The cross-correlatiomesultsreportthat our methodgets
thebestscorein every case Althoughourtriangulationgives
edgesof 45 degrees,it performswell on small or big an-
gle edges Our methodproduceghe bestresultbhecauseave
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don't interpolateacrosghe edge Bicubic andbilinearinter
polationareslightly worsebecause¢hey suffer from artifacts
or blurring on the edge.Pixel replicationdoesnt catchthe
geometryvery well andNEDI suffers from furtherblur be-
causdt interpolatesacrossa biggerwindow.

Replication Bilinear  Bicubic
NEDI Basic Extended
30degree 0.995641  0.996730 0.997038
0.992398  0.997149 0.997149
45deggree  0.996149  0.996990 0.997413
0.994653  0.997543 0.997543
60degree 0.995661  0.996725 0.997037
0.995602  0.997150 0.997150

3.2.2. Quality of RealImages

We usedtwenty 24-bit 768 512 colour natureimagesas
anothertestset.Becausave usecolourimageswe compute
the cross-correlatioroefcients of theR G B planesinde-
pendentlyandaveragehesethree Thevaluesaveragedver
thetesttest,arereportecbelow.

Pixel Replication Bilinear Bicubic
0.976201 0.977699 0.978771

NEDI BasicMethod ExtendedViethod
0.972265 0.977534 0.977732

Bicubicinterpolationgetsthebestscorewhichmeansest
overall reconstructiorquality. Our extendedmethodis bet-
ter thanusingbilinear, NEDI andpixel replication.Our ba-
sic methodis slightly worsethanbilinear interpolationbe-
causesometimest giveswrong edgedirection.However, it
generatesorrecttriangulationin most situationsand pro-
ducesbettervisual quality than bilinear interpolation.Our
extendedmethodis slighterbetterthanbilinearinterpolation
becauseur approachs betterin edgeareasandis almost
the samein smoothareas Pixel replicationgetsthe lowest
scoreaswe expect.

For a normalimage, cross-correlatioronly tells us how
closethe overall imageis to the original image.We arenot
ableto useit to predicttheedgereconstructiobecausenost
of theimagewould be smooth.Fortunately it is easyto ob-
senevisually thatour methodimprovesedgereconstruction
in naturalimagescomparedo traditionalmethodsAlthough
bicubic interpolationgets a higher cross-correlatiorscore
thanour method our extendedmethodis visually betterand
muchmorecomputingef cient.

3.3. Performance Assessment

The new methods computingef ciency is only slightly de-
creasedomparedo bilinearinterpolationwhile it is almost
assimpleto implementasbilinearinterpolation.Thefollow-

ing table shaws the performancecomparisoron a Pentium
Il 400 machinewith 256 M memory We usedthe twenty
768 512colourimagestestsetagain.We averagedevery
imagesdown to 384 256 imagesandthenmagni ed the
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sub-sampledmagesby afactorof 2 andalsoafactorof 3.5.

Theresultsarereportedbelav. Thethird columnis ourbasic
methodandthefourth columnis ourextendedmnethodwith a

3 3squarenvindow. Thesethreemethodsareimplemented
by C++code.All gures areseconds.

Bilinear Basic Extended
magnify 2 1.837 2.053 3.898
magnify3.5 5.791 6.078 7.905

We canseefrom the tablethat the speedof our method
is slightly lower thanbilinearinterpolation Besideghe ini-
tializing time for triangulationwhichis about0.2 secondor
our basicmethodand 2 seconddor our extendedmethod,
the computingtime for interpolationof our methodis al-
mostthe sameasbilinearandis linearwith the pixels of the
outputimage,sameasbilinearinterpolation.

4. Discussion

In this paperwe have presentedh nev methodof imagein-
terpolation.Thenew methodis basedn data-dependerti-
angulatiorbut we useit at pixel level.

Ourextendedmethodproducewisually betteresultsthan
traditionalinterpolationschemesvhile it is simpleandfast.

Another advantageof our methodis it can be usedfor
magnifyingby anarbitraryfactorin onego (Figure8), while
othersformer methodsalways neediteration which means
longerthecomputingtime.

Ourmethodis alsogoodfor mary otherimagemanipula-
tionssuchasarbitraryrotation,perspectie transform,warp
(Figure7) andsoon.

Bilinearandbicubicinterpolationarewidely usedn com-
mercialsoftware packagedueto their simplicity. For exam-
ple, Photoshopusesthreeinterpolationenginespixel repli-
cation, bilinear and bicubic interpolation.Our methodpro-
ducesbetterresultswith almostthe sametime andmemory
costasbilinearinterpolation.
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Appendix A: Proof

Considera four pixel squareabcd We will rst prove that,
if pair ac hassmallerdifferencethanbd, thenb or d is the
outlier pixel andwe shouldconnectac. Thatistosay if a

¢ b d thenbord is eitherthe biggestor the smallest
pixel.

b c

Supposea ¢
b d.

b d,andsuppose c,thena c
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Figure 6: The ower image is magni ed by a factor of 4.
Above: bilinear interpolation.Bottom:our extendedmethod

1. Supposdd d.Thena ¢ b db da c,hence
a b c db da c.

Wesuppos@ bandc d,thena b Oandc d O,
sowegeta b c¢ d. However, we have the formula
a b c¢ d beforewhich meansour assumptiorthat
a bandc diswrong.

Becausea bandc diswrong,eithera borc d

ora bc dwiththecondition(lb da c¢).Inthese
caseseitherbis thebiggestpixel(b ab cb d)or
disthesmallespixel(d cd ad b).

2. Supposéd d,thena ¢ d b b da c,hence

ad c bb da c.

Wesuppos@& dandc b.Thena d Oandc b

0,sowegeta d c b.However, we havetheformula
a d c¢ b beforewhich meansour assumptiorthat
a dandc biswrong.

Becausea dandc biswrong,eithera dorc b
ora dc bwiththecondition(lb da c¢).Inthese
casesegitherb is thesmallestpixel(b cb ab d)
ord isthebiggestpixel(d bd ad o).

We have provedthatif pair ac hasthe smallerdifference
(a ¢ b d),therearetwo situationsOneis thateither
b is the biggestpixel or d is the smallestpixel. The second
is thateitherb is the smallestpixel or d is the biggestpixel.
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Figure 7: Above:Flowerimage rotatedby 27 degrees.Mid-
dle: A perspectiveview of the ower image. Bottom: A lens
effectof the ower image

In eithercasetheoutlieris eitherb or d andac shouldbethe
edge.Using the samemethodwe canprove thatif pair bd
hasthe smallerdifference(b d a c), theoutlieris
eithera or c andbd shouldbethe edge.

So we can concludethat drawing the edgebetweenthe
least-diferentdiagonalpair givesthe sameresultasdraving
theedgewhichisolatesheoutlier.
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Figure 8: Threesampleimagesof 192 192are ontheup-
per left corner Theimageson correspondingpositionsare
magni ed of a factor of 2.1 by our extendedmethod.
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